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Reading time — 5 minutes
Working time — 2 hours
Write using black or blue pen

Board-approved calculators may be
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A table of standard integrals is provided
on the back page of this question paper

All necessary working should be shown
in every question

Any time you have remaining
should be spent revising your
answers.

Total marks — 84

Attempt Questions 1 —7
All questions are of equal value

Start each question in a new writing
booklet
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front cover of each booklet to be
handed in

If you do not attempt a question,
submit a blank booklet marked with
your examination number and “N/A"
on the front cover
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Total Marks — 84
Attempt Questions 1-7
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are
available.

Question 1 (12 marks) Marks
(@)  Factorise completely x*+2x®—2x* —4x 2
(b) " Find the exact value of cos15". 2

(©)  The interval joining the points A(9,12) and B (1,b) is divided internally in

the ratio 2:1 by the point (a,0). Find a and b. 3
3
(d) Solve ——<14 3
X—2
. dx
(e) Find [—— 2
I\/36— X
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Question 2

(a)

(©

(12 marks) Use a separate writing booklet

If a, B and y are the roots of x*—4x+1=0 find:

(i)

(ii)

(iii)

(ii)

a+p+y

afy

1 1 1

Write sinx — <3 cosx in the form Rsin(x — ) , where R >0 and

where OSaS%.

Hence, or otherwise solve the equation sin x ~J3cosx =1 for
0 <x<2n

P(2at,at?)is any point on the parabola x* =4ay . The line k is parallel to the
tangent at P and passes through the focus S of the parabola.

(i)

(ii)

(iii)

Show that the equation of the line kis y=tx+a

The line k intersects the x-axis at the point Q. Find the coordinates of
the midpoint, M, of the interval QS.

Find the equation of the locus of M.
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Question 3 (12 Marks) Use a separate writing booklet Marks

@  Let f(x)=e*?

(i) Explain why f(x) has an inverse function. 1
(i) Find the inverse function f™(x) 1
(iii)  Sketch the graphs of y=f(x) and y= f *(x) on the same 2

number plane. Show all the important features.

by 0 Show that e* —2x? =0 has a root in the interval 2<x<3. 2

(i) One approximate solution of the equation e* —2x? =0 2
isx=2.5. Use one application of Newton’s method to find
another approximation to this solution. Give your answer
correct to three decimal places.

@ O 2 2
Prove that SEC X _ Cosec X
tanx  CcOSX

(ii) Use the substitution u =tan x to evaluate in exact form 2

dx

T
j’- COS ecx
5 COSX
6
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Question 4 (12 Marks) Use a separate writing booklet Marks

(@  The polynomial P(x)=x®+ax+b has (x—5) as a factor and has a 3
remainder of —60when divided by (x +5).
Find the values of aand b.

(b)  Use the method of mathematical induction to prove that 4" + 8 is 3
divisible by 6 for n>1.

© (i) Sketch the graph of y=3sin™ g stating its domain and range. 3

(i) Show that the area of the region bounded by y =3sin™ g the

x axis and the line x=1 is given by A:%+3\/§—6unitsz.
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Question 5 (12 Marks) Use a separate writing booklet Marks

(a) Calculate the acute angle between the lines x — 3y — 2 = 0 and 2
X —2y =0 to the nearest degree.

(b) A particle is moving in a straight line such that its position at a time t
is given by the equation

=2 gt+2L
X COS( 3j

(i) Show that it is undergoing simple harmonic motion. 2

(ii) State the period and amplitude of motion. 2

(c) A bottle of water has a temperature of 20°C and is placed in a
refrigerator whose temperature is 2°C. The cooling rate of the bottle
of water is proportional to the difference between the temperature
of the refrigerator and the temperature T of the bottle of water. This
is expressed by the equation:

dT
e k(T -2)
where k is a constant of proportionality and t is the number of

minutes after the bottle of water is placed in the refrigerator.

(i) Show that T =2+ Ae™ satisfies the equation. 1

(ii) After 20 minutes in the refrigerator the temperature of the 3
bottle of water is 10°C. What is the value of A and k in the

above equation?

(i) How long will it take for the bottle of water to cool down to 2
5°C? Give your answer to the nearest minute.
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Question 6 (12 Marks) Use a separate writing booklet Marks

(a)

In @ word game, Carlo draws the 8 letter tiles shown below which
he must arrange to make “words”.

NIz M) (G W K]S

(i) In how many distinct ways can Carlo arrange the eight tiles 1
in a line to make eight-letter “words"”?

(ii) Carlo randomly chooses four tiles from the eight. How many 1
distinct ways can Carlo arrange the four tiles in a line to
make four-letter “words”?

(iii) Carlo randomly chooses four tiles from his 8 to swap with a 1
second player. How many different groups of four tiles (in no
particular order) can Carlo choose?

(iv)  After swapping with the second player Carlo has the eight 1
tiles below. In how many distinct ways can Carlo arrange
these eight tiles in a line to make eight-letter “words”?

LM M LG AT ]IS

(V) In how many ways can the 8 tiles be arranged so that the 1
“word” formed would start and end with M?

JE

2
Evaluate cos” 2x dx as an exact value.

wla

Question 6 continues on the next page.
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Question 6 continued. Marks

(©) The diagram shows points A, B and C on a circle centre O. Tangents
are drawn from A and B which meet at D. O is joined to D and the
interval OD intersects AB at E.

A
/N

8 &

Copy or trace the diagram into your workbook.

(i) Prove that ZAOB =2 x ZDAB. 2
(ii) Prove that AOBD is a cyclic quadrilateral. 1
(iii) Prove that E is the midpoint of AB. 2
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Question 7 (12 Marks) Use a separate writing booklet Marks

(@  Anballis thrown from the origin O with a velocity V and angle of

elevation of @, where 6 ;t%. You may assume that

x=Vtcosd and y :—%gt2 +Vtsiné

where x and y are the horizontal and vertical displacements of the
ball in metres from the O at time t seconds after being thrown.

(i) v? . , _ 3
Let h =5 and show the equation of flight of the ball is

1
=xtan @ -——x>(1+tan @
y ah ( )

(i) The point of intersection when two balls are thrown with an 3
angle of elevation of 6, and 6, is (a,b).

Show that a® <4h(h—-b).

Find all the solutions to the inequality = >0
—X
(i) Show that tan xsecx = sz 1
1-sin®x
(iii) Find all the solutions to tan xsecx >0 when 0<x<2r 2

END OF EXAMINATION

10
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TABLE OF STANDARD INTEGRALS

n
IX dx =Lx“+1, n=-1;x=0,if n<0
n+1
.[1 dx =Inx, x>0
X
ax 1 ax
je dx =—e* a=x0
a
1.
Icosaxdx :gsmax, az0
. 1
jsmaxdx :-gcosax, az0
2 1
jsec ax dx :Etanax, az0
1
Isecaxtan ax dx :gsecax, a=0
I 21 ~ dx —ltanl—,a;to
a“+Xx a a

4 X
=sin?=, a>0, -a<x<a

1
- d
.[ /az_xz X a

I—ﬁdx :In(x+\/x2—a2), x>a>0

Iﬁdx :In(x+\/x2+a2)

NOTE: Inx=log, x, x>0

11
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Solution

Criteria

1(a)

X423 —2x% —4x = X3 (X+ 2) = 2X(x + 2)
= (X =2X)(x+2)
= X(x* =2)(x+2)

2 Marks:
Correct answer.

1 Mark: Finds
one factor.

1(b)

c0s(45—30) = cos 45¢c0s 30 +sin 45sin 30

_ 1311
202 272
1 31
BRI
_\3+1 6442
RN

2 Marks:
Correct answer.

1 Mark: Uses
difference
formula or states
one correct exact
ratio.

1(c)

X:rnX2+nX1 y:Wz+nyl
m+n m+n
a:2><1+1><9 O=2><b+1><12

2+1 2+1

11 0=2b+12

3 b=-6

3 Marks:
Correct answer.

2 Marks:
Correctly finds
either aor b.

1 mark: Uses
ratio division
formula.

1(d)

(x—2)*x 3 5 <4x(x-2)*

(X—2)3<4(x—2)* x#2
(x-2)(3-4x+8)<0
(x-2)(11-4x) <0

X< 2 and X21741

3 Marks: Correct
answer.

2 Marks: Finds
one correct
solution.

1 Mark:
Multiplies both
sides of the
inequality by
(x-2)%.

1(e)

4 X
=sin*=+C

I dx
V36- %

2 Marks:
Correct answer.

1 Mark:
Recognises
inverse sine
function.
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QUESTION 2
2@) | 40Xt —4x+1=0 1 Mark:
() b 0 Correct answer.

a+pf+y=——=——=0

a 1
2_({1) d_ 1 1 1 Mark:
(i) |obr= a1 Correct answer.
2(a) c -4
(iii) mﬂa%uﬁzgzzcw4 1 Mark:
Correct answer.
1. 1,1 _of+rax+py
a f x afy
_A
-1
=4
b)(i) If Snx — 43 cosx = Rsin(x—a) then 1 mark for R
R=J1’+(3) and tana = 3 and
. — -7
wR=2 and * =3 1 mark for o
So sinx — 3 cosx = ZSin(x—%)
b) (ii) sinx — 3 cosx = 1 1 for writing in

ZSin(x—%j =1
sm(x—%) = %

form

1 _T :l
Sn(x 3] 5

1 for solving for
X
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2(¢) | To find the gradient of the tangent 2 Marks:
(i) 1, Correct answer.
y=—>X
4a
d_1,
dx 2a
2y dy 1 _
Line k has a gradient of t and passes through S(0,a or states the
I g P gh S(0.2) gradient of the
Y=Y =m(x-x) tangent at P.
y—a=t(x-0)
y=tx+a
2(c) | To find the coordinates of Q 2 Marks:
(ii) _ _ a a Correct answer.
Substitute y=0 into y=tx+a then x=—T or Q(_?O)
To find the coordinates of M
X= u y= M
2 2
_9_{_0 = m
__t 2 1 Mark: Finds
2 a the coordinates
B _E = E of Q.
2t
a a
M(-—,—
( 2t 2)
2(c) | To find the equation of the locus eliminate t. However y is 1 Mark:
(i) | independent of t. Correct answer.

g2
2
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3(b)(ii) | Root of y = €~ 2x° using x = 2.5
fx) = & 22 2 1 for values of
f(2.5) and f'(2.5)
f/(X) = € — 4x
f(2.5) = -0.318
f/(2.5) = 2.182
f(2.5)
- p5_=0.318 1 use of N M to
2.182 obtain answer.
= 2.5 (=0.145)
= 2.645
3(c) 2
Q) LHS = S¢¢ X 2 Marks:
tan x Correct answer.
1
=———=+tanx
cos’ X
__ 1 cosx 1 Mark: Makes
cos® X sinx significant
~ progress
= osx | CoseeX towards the
 cosec x solution.
COS X
= RHS
3(c)
(ii) u=tanx u=tan£=\/§ u=tan—=% 2 Marks:
du = sec? xdx 3 Correct answer.
z k3 2
Iﬁ COSECX 4 _ [ SeC’ X,
% cosX £ tanx
51 1 Mark:
:_[13 Zdu Recognises the
B u use of part (i)
Tlog. U N or makes
=[log, ]% progress in the
G 1 substitution.
=log,v3-log,—
g g N
=log,3




HSC Mathematics Extension 1

QUESTION 4
4(a) | p(x) = x> +ax+b has (x—5) asone of its factors 3 1 mark for use
p(5) =0 of factor
theorem
125+5a+b=0
Remainder = —-60 when divided by (x+5).
p(-5) =60 1 mark for use
-125-5a+ b =-60 of remainder
Solve simultaneously to find a and b. theorem
5a+b+125=0 O]
—5a+b-65=0 @ 1 mark for
2b+60=0 DO+ @ so|ving
2b = —60 simultaneously
b=-30
5a-30+125=0 Part marks as
5a=-95 appropriate if
other
a =-19 approaches
taken




HSC Mathematics Extension 1

b)

Step 1 show true ofn=1
4t +8=12
12 is divisibleby 6

o truefor n=1

Step 2 Assume true for n = k
le 4+ 8 = 6p ( p is a positive integer )

Step 3: hence prove true for N = k+1

4 = 69 ( qis a positive integer)

4.k+1 +8

= 449 +8

= 4(4“ +8-8)+8

= 44 +8)-32+8

= 4(6p) — 24

= 24p-24

= 6(4p-4)

= 6q(qis positive integer > 1since p>1)
= RHS

LHS

Conclusion Using the principle of induction
Since true for n =1, and since if true for n =k is also
true for n = k +1, by induction is true forall n>1.

1 mark for
step 1

2 marks for
step 3

Or 1 mark for
significant
progress or a
simple error
in step 3
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QUESTION 5
5(0) | x-3y-2=0 X-2y=0 2 | 1 for gradients
y= x-2 2V = X of the two
g 2 Y lines
X X
V== -= y==2
3 3 2 1 for
Gradient = L Gradient = 4 evaluating the
3 2 angle
tan6 = rnl m,
1+mm
1_1
1 273
- 1 1
1+ 5> 3
1
- |6
7
6
=1
7
_ -1 (1
06 = tan (7j
= 8° (nearest degree)

b) - 2 1 mark for
. x=2 COS(St ¥ §j correct

i)
differentiations
X = =2 sin(3t +%) 3

. rw n
X= 69n(3t+3)

1 mark for
X = -6 cos (Bt +%) 3 writing in the
correct form
= -18 cos(3t + E) and stating a
conclusion

X = —9(2cos 3t+Z j

. 2
X = -3"X

which is of the form X = - n2x
.. particle is in SHM

| period =2n 1
n
_2n
3
Amplitude =2 units

10
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5((i‘)3) T=2+Ae" or Ae® =T-2 1 Mark:
C t .
d_T At orrect answer
dt
=-k(T-2)
5(b) | Initially t =0 and T =20 3 Marks:
i :
(i) T=2+Ae“ Correct answer.
20=2+ A
A=18 .
Also t=20and T =10 2 Marks: Finds
" the value of A
T=2+18e and an
10=2+18e " expression for
8 k.
e—k><20 -
18
20k =1 4
—cUK= 0995 1 Mark: Finds
1 4 the value of A.
k=——1Iog,—
20 9
_ik)g g
20 °4
=0.04054651081...
5(b) | We need to find t when T =5
(iii) 2 Marks:

T=2+18e™"

5=2+18e™
el = 3
18

1
—kt =log, =
0

1
t==log_6
K Oe
_90109.6
log. —
Oe 4
=44.19022583

It will take about 44 minutes for the bottle to cool to 5°C?

Correct answer.

1 Mark: Makes
some progress
towards the
solution.
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QUESTION 6
6 a) Ways of arranging 8 different tiles = 8! 1
(i) =40 320
(i) | ways of arranging 4 chosen from 8 = 8p, 1
= 1680
(iii) | Ways of choosing 4 from 8 = 8C, 1
=70 ’
(iv) Ways of arranging 8 different tiles with 2 M’sand 3 I’s = 1
8 - 3360
3l x 21
(v) With M’s placed at the ends, leaves 6 to arrange, with 3 I’s. 1
Ways of arranging 6 different tiles with 3 I’s
_ 6! _
=3 120
6(b) . z 2
2 _1
cos 2xdx == 1 + cos4xdx
. 2 . 1 mark for
3 3 obtaining
integral
= l[x +14n 4XFT:
2 3
—(n4l _ (a 1g 4_n)
(4 8sn2nj 5 8sm3
_myl oo _ 1,48
=2787%" 5782 1 mark for
correct
3 1_£ O
=15 16 substitution
(= 0.154)
C) 2
() 2 marks for
complete
proof.
1 mark if
some
relevant
facts are
stated or
proof is
Aim prove ZAOB =2 x ZDAB C incomplete
Z/DAB = ZACB (/bet tangent & chord =Z in alt segment)
ZAOB = 2 x LZACB (/£ at centre is twice £ at circ on same ar
. ZAOB = 2 x £ DAB (since £ DAB = ZACB)

12
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(i) 1 1 mark as
Z DAO = ZDBO = 90°( tangent perpendicular to rad long as
o ) statement

- ZDAO + ZDBO =180 (sum of two right angles) that

". opposite angles of AOBD are supplementary opposite

. . . . angles are

.. AOBD is a cyclic quadrilateral. supplement
ary, and
why.

(iii) | Aim: Prove that E is the midpoint of AB. 2 Can also be
done by
AO = BO (equal radii) isosceles
AD = BD ( tangents from an external point are equal in length. triangles
.. AOBD is a kite 2 marks for
.. OD bisects AB (symmetry of a kite) comgleti
o proof.

*. E is midpoint of AB. mark if
some
relevant
facts are
stated or
proof is
incomplete

13
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QUESTION 7
7(@) | x=Vtcosd 1
() ) 3 Marks:
y= _% gt? +Vtsing (2) Correct answer.
X . .
Fromeqn (1) t= sub into egn (2 2 Marks:
qn (1) Voosd an (2) il
1 X\ X . significant
=—— +V siné
=73 g(V cos 0) (V cos 9) progress
9 sin Ox towards the
=_2V20032¢9Jr cosé solution.
2 2
= _gxs—e;:0+ tan &x
22/ ) 1 Mark: Makes
__20KseC’O nox t the subject of
av? eqn (1) or
X’ sec” 0 Loy equivalent
ST n e ox Using h = -~ progress.
= xtan 0—ix2(1+tan2 0)
4h
7(a) :
(i) | Now (a,b) satisfies the equation y = xtan 0—4_1hx2 (1+tan? ) 3 Marks:

b=atan <9—ia2(1+tan2 0)
4h

4hb = 4hatan @ —a’(1+tan’ 0)
(1+tan® #)a’ —4hatan @ +4hb =0

a’tan®’ @ —4hatan@+4hb+a®> =0

Quadratic equation has 2 solutions if the discriminate is greater
than zero.

b’ —4ac>0

(-4ha)® —4a’(4hb+a*) >0
16h’a* —16a’hb—4a‘ >0
4a*(4h* —4hb-a*) >0

4h* —4hb-a*>0

a’ <4h*-4hb

a? < 4h(h—b)

Correct answer.

2 Marks:
Makes
significant
progress
towards the
solution.

1 Mark:
Substitutes
(a,b) into
equation of
flight and
simplifies.

14
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7(b) X 3 Marks:
. 2\2 2\2 .

(i) | @=x) x— 72 0x(A-x) x# 1l Correct answer.
(1-x)x>0

(1-x)A+x)x=>0 2 Marks:

Makes

y significant

progress

towards the

solution.

o2 A t ) 1 Mark: Finds
part of the
solution or
demonstrates
some
understanding.

From the graph 0 < x<1 and x<-1

15
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7(c)
(i)

LHS = tan xsec x

sin X 1
= X
COSX COS X
_sinx
cos’® X
_sinx
1-sin? x
= RHS

1 Mark: Correct
answer.

7(c)
(iii)

Using parts (i) and (ii)
0<sinx<1 and sinx< -1

N lution
0§x<% o solutio

Solution also in the second quadrant

O£x<£ and £<XS7T
2 2

2 Marks:
Correct answer.

1 mark: Makes
some progress
using parts (i)

and (ii).
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